We study a mechanism of symmetry reduction in a higher-dimensional field theory upon orbifold compactification. Split multiplets appear unless all components in a multiplet of a symmetry group have a common parity on an orbifold. A gauge transformation property is also examined.
• A specific type of SU(5) gauge symmetry exists on one of 4D walls (a visible wall) as well as in the bulk. It leads to a coupling unification at the zero-th order approximation.
• 5D bulk fields and 4D fields on the visible wall belong to some representations of SU (5) . It guarantees the quantization of charge.
We expect that similar features hold in a class of higher-dimensional grand unified theory (GUT) as suggested in Ref. [12] . Concretely, 1 . Unless all components in a multiplet of some unified gauge group G U have a common parity on an orbifold, split multiplets appear after the integration of the extra space because the lowest modes, in general, do not form full multiplets of G U . † Recently, Barbieri, Hall and Nomura have constructed a constrained standard model upon a compactification of a 5D SUSY model on the orbifold S 1 /(Z 2 × Z ′ 2 ).
[2] They used Z 2 × Z ′ 2 parity to reduce SUSY. There are also several works on model building through a reduction of SUSY [3, 4, 5, 6, 7] by the use of a discrete symmetry and a reduction of gauge symmetry [8] by the use of Z 2 parity. Attempts to construct unified models have been made through dimensional reduction over coset space. [9] The study of higher-dimensional SUSY grand unified theories traces back to the work by Fayet. [10] ‡ There are several works on the other type of 5D unifed models with 1D orbifold, i.e., 5D SU (5) model with
2. The higher-dimensional gauge symmetry is realized as an invariance under the gauge transformation whose gauge functions have a definite parity on an orbifold, and hence the gauge symmetry at some points on the orbifold turns out to be a reduced one whose generators are commutable to a parity operator.
In this paper, we study the above features in GUTs on an orbifold, which would be important for a construction of a realistic model and an exploration of the origin of symmetries in the SM. This paper is organized as follows. In the next section, we study a mechanism of symmetry reduction due to an intrinsic parity on an orbifold. We discuss the reduction of gauge symmetry, a gauge transformation property and its phenomenological implications in §3. Section 4 is devoted to conclusions and discussion. with Z N rotations which are automorphisms of T 2n . [3] The Z N rotation is diagonalizable under a suitable complex basis (z i ,z i ) (i = 1, 2, · · · , n) for the extra space and is given by the transformation
where m i are integers. The T 2n is regarded as a 2n-D lattice that the point z i is identified with z i + n I e i I where n I are integers and e . § Since fixed points are singular points on the space, orbifolds are not manifolds. We assume that this singularity does not cause any trouble in an underlying theory.
Here we study a field theory on 2D Z 3 orbifold as an example. The Z 3 orbifold is obtained by dividing the SU(3) root lattice Γ SU (3) with a Z 3 rotation whose element is θ = exp .
¶ Hence the following identification holds on the orbifold,
There are three kinds of fixed points,
An intrinsic Z 3 parity of the bulk field φ(x µ , z,z) is defined by the transformation
By definition, P possesses only the eigenvalues 1, ω or ω 2 . We denote the fields that are eigenfunctions of P as φ ω 0 , φ ω 1 , φ ω 2 where the subscript corresponds to the eigenvalue of P . The 6D fields φ ω l (l = 0, 1, 2) are Fourier expanded as
where n and m are integers, and f ω l nm (z,z) are eigenfunctions of P whose eigenvalues are ω l . The f ω l nm (z,z) are written as
by the use of a function f nm (z,z) which satisfies periodic boundary conditions
The explicit form of f nm (z,z) is given by
From the expressions (5)− (10), we find the following features of eigenfunctions.
• The 4D fields φ
• The 4D fields with n = m = 0 (4D zero modes) appear from 6D fields whose Z 3 parity is 1, i.e., the φ ω 0 (x µ , z,z) has 4D zero mode.
• The 6D fields whose Z 3 parity is ω or ω 2 vanish on the fixed points, i.e.,
Let us study the case in which a field Φ(x µ , z,z) is an N f -plet under some symmetry group. The components of Φ are denoted by Φ = (φ 1 , φ 2 , ..., φ N f )
T . The Z 3 transformation of Φ is given by the same form as (4), but in this case P is an N f × N f matrix which satisfies P 3 = I, where I is the unit matrix. The Z 3 invariance of the Lagrangian density does not necessarily require that P be proportional to I. Unless all components of Φ have a common Z 3 parity, the splitting in a multiplet occurs upon compactification because of the lack of zero modes in components with Z 3 parity other than one.
The generalization on a model with a generic orbifold is straightforward. Hence, in a class of higher-dimensional GUT on an orbifold, unless all components in a multiplet of some unified gauge group G U have a common parity on an orbifold, split multiplets appear after the integration of the extra space because zero modes, in general, do not form full multiplets of G U .
Gauge transformation property
We apply the mechanism of symmetry reduction discussed in the previous section to GUTs on M 4 × O 2n . Here we consider a non-SUSY model for simplicity. The SUSY extension is straightforward. We take two basic assumptions. One is that the gauge boson
and a scalar field Φ(x µ , z i ,z i ) exist in the bulk. Here the T α are gauge generators and the Φ(x µ , z i ,z i ) belongs to a vector representation of a unified group G U . The other is that our visible world is one of 4D walls at a certain point on the orbifold and matter fields are located on the wall.
The action integral is given by
where
gauge coupling constant and L (p)
f p is a contribution from the p-th 4D wall. The above Lagrangian density L bulk is invariant under a Z N transformation and a gauge transformation defined as follows. The Z N transformation for A M and Φ is given by
where P is Z N parity operator,
The gauge transformation for A M and Φ is given by
where U is a space-time dependent gauge transformation matrix. The Z N transformation is, in general, not commutable to a gauge transformation with generic gauge functions, unless P is proportional to the unit matrix. But, when there is a relation P T α P −1 = θ kα T α and the group structure constants f αβγ vanish for k α +k β = k γ (mod N), there survives a specific type of unified gauge symmetry, which is compatible with the Z N transformation, based on a gauge transformation matrix given by
where gauge functions ξ α θ kα (x M ) are eigenfunctions with eigenvalue θ kα for Z N parity. Actually the gauge transformation matrix (15) 
The reduction of gauge symmetry occurs at a fixed point z The above feature can be generalized in the case with a generic orbifold as a statement that in higher-dimensional space-time, there exists a specific type of unified gauge symmetry based on gauge functions with a definite parity on an orbifold, Hence the gauge symmetry is reduced to a smaller one whose generators are commutable to a parity operator at some points on the orbifold because some of gauge functions vanish there.
Finally we discuss 4D particle spectrum of a model with G U = SU(5) on Z N orbifold. When we take P = diag(θ k , θ k , θ k , 1, 1) for k = 0 (mod N), the gauge symmetry is reduced to that of the Standard Model, G SM ≡ SU(3) × SU(2) × U(1), in 4D theory. This is because some of the gauge generators T α (α = 1, 2, · · · , 24) are not commutable with P ,
where the T a are gauge generators of G SM and the Tâ ± are other gauge generators. The Z N parity assignment of 4D fields is given in Table I . The scalar field is divided into two pieces: Φ is divided into the colored triplet piece, φ C , and the SU(2) doublet piece, φ W . In the second column, we give the SU(3) × SU(2) quantum numbers of the 4D fields. In the third column, Z N parity of 4D fields is given. We find that the 4D massless fields Our symmetry reduction mechanism is different from a mechanism due to the nonvanishing vacuum expectation value (VEV) of 4D scalar fields. In our situation, the Hosotani mechanism [15] does not work, because A a z l (x M ) has a parity other than one, and its VEV should vanish. 
4D fields Quantum numbers
Z N parity
fields appear.
Conclusions and discussion
We have studied a mechanism of symmetry reduction due to an intrinsic parity on an orbifold. In a class of higher-dimensional GUT, unless all components in a multiplet of some unified gauge group G U have a common parity on an orbifold, split multiplets appear after the integration of the extra space because zero modes do not form full multiplets of G U . We have discussed the reduction of unified gauge symmetry, gauge transformation property and its phenomenological implications. The higher-dimensional gauge symmetry is realized as an invariance under the gauge transformation whose gauge functions have a definite parity on an orbifold, and hence the gauge symmetry at some points in the compact space turns out to be a reduced one whose generators are commutable to a parity operator. The origin of a specific parity assignment is unknown, and we believe that it will be explained in terms of some yet to be constructed underlying theory. The merit of this type of symmetry reduction is that there might be no sizable contribution to the vacuum energy upon compactification because there exists no field with a non-vanishing VEV of O(M C ) in our model. * * Here M C is a compactification scale, which is related to a unification scale M U .
To construct a more realistic model, it is reasonable to require the following conditions on a 4D theory.
• The coupling unification holds at the zero-th order approximation.
• The quantization of charge is derived.
• The weak scale is stable against radiative corrections.
It is desirable that our 4D world is a specific point on an extra space where a unified gauge symmetry survives from the first and second requirements. The stability of the weak scale can be guaranteed by a SUSY extention of * * In the framework of supergravity theory, a large amount of (negative) vacuum energy can be generated on the breakdown of a unified gauge symmetry by Higgs mechanism through the non-vanishing VEV of the superpotential. a model. However, in a higher-dimensional SUSY GUT, Higgs multiplet appears as a hypermultiplet and it is difficult to project out all zero modes of colored Higgs multiplets by the use of a single parity. Hence it would be quite interesting to study SUSY GUTs on a more complex orbifold constructed by dividing a torus with several discrete symmetries.
